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ABSTRACT
We built two self–consistent models of triaxial, cuspy, rotating stellar systems adding
rotation to non-rotating models presented in previous papers of this series. The final angular
velocity of the material is not constant and varies with the distance to the center and with the
height over the equator of the systems, but the figure rotation is very uniform in both cases.
Even though the addition of rotation to the models modifies their original semiaxes ratios, the
final rotating models are considerably flattened and triaxial. An analysis of the orbital content
of the models shows that about two thirds of their orbits are chaotic yet the models are very
stable over intervals of the order of one Hubble time. The bulk of regular orbits are short
axis tubes, while long axis tubes are replaced by tubes whose axes lie on the short–long axes
plane, but do not coincide with the major axis. Other types of regular orbits that do not appear
in non–rotating systems, like horseshoes and orbits that cross themselves, are also found in
the present models. Finally, our frequency maps show empty regions where studies of orbits
on fixed potentials found orbits, a likely consequence of the self–consistency of our models
that excludes them.
Key words: Galaxies: elliptical and lenticular, cD – Galaxies: kinematics and dynamics –
methods: numerical – Physical data and processes: chaos.
1 INTRODUCTION
It is relatively easy to obtain self-consistent models of spherical or
disk–like stellar systems with simple numerical (e.g., King mod-
els) or even analytical tools (e.g., Schuster or Plummer models), as
explained in textbooks like the one by Binney & Tremaine (2008).
Models of elliptical galaxies are much more difficult to build, how-
ever, as there is observational evidence, both statistical (see, e.g.,
Ryden 1996) and on individual galaxies (see, e.g., Statler et al.
2004), that shows that at least some ellipticals are triaxial, and
full fledged 3–D models demand resorting to special techniques.
Besides, surface brightness studies of ellipticals tend to show cen-
tral cusps (see, e.g., Crane et al. 1993; Moller, Stiavelli & Zeilinger
1995), that reveal the presence of mass concentrations and prob-
ably black holes, and triaxial and cuspy potentials favor the ap-
pearance of chaotic orbits (see, e.g., Siopis & Kandrup 2000;
Kandrup & Siopis 2003) further complicating model building for
those objects.
Two main methods are employed to build self–consistent
models of elliptical galaxies: the one due to Schwarzschild
(1979) and the N–body method, originally proposed by
Sparke & Sellwood (1987) to build a bar and later on applied to
ellipticals by Voglis, Kalapotharakos & Stavropoulos (2002). The
former chooses a potential–density pair, builds a library of orbits
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in that potential and determines the fraction of each type of orbit
needed to obtain the corresponding density. The N–body method
adopts an initial distribution of point masses and integrates the
equations of motion until an equilibrium distribution is reached; a
smooth and constant potential is then fitted to that distribution and
the positions and velocities of the bodies are used to investigate the
orbits in that potential.
Schwarzschild (1993) himself noted the difficulty to include
chaotic orbits in models built with his method, which turned
out to evolve over intervals of the order of a Hubble time,
and the problem became even more serious when cuspy mod-
els were adopted (see, e.g., Merritt & Fridman 1996). Although
it was suggested that models containing chaotic orbits could not
be stable (e.g., Siopis & Kandrup 2000), perfectly stable mod-
els with large fractions of chaotic orbits were built with the N–
body method (Voglis et al. 2002; Kalapotharakos & Voglis 2005;
Muzzio et al. 2005; Aquilano et al. 2007), including cuspy ones
(Muzzio, Navone & Zorzi 2009). In fact, Muzzio et al. (2005) ar-
gued that there was no physical constrain to build self–consistent
stable models with chaotic orbits and that the problem dealt with
the method of Schwarzschild (1979) itself. A comprehensive re-
cent discussion of this matter can be found in the paper by
Vasiliev & Athanassoula (2012).
The present series of papers uses the N–body method to build
models of cuspy triaxial stellar systems and investigate their sta-
bility and orbital content, both regular and chaotic. In our first pa-
per, Zorzi & Muzzio (2012) built models resembling E2, E3, E4
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and E5 galaxies and they showed that they were extremely stable
over intervals of the order of a Hubble time, even though they con-
tained fractions of chaotic orbits that exceeded 75 per cent. The
regular orbits of those models were studied, in our second paper,
by Muzzio, Navone & Zorzi (2013), and they found that most of
those orbits were short–axis tubes, that the fraction of long–axis
tubes decreased from the E2 through the E5 models and that most
of the boxes were resonant orbits, i.e., boxlets. A curious puzzle
was posed by the work of Holley-Bockelmann et al. (2001) who,
using the N–body method, built cuspy triaxial models with essen-
tially no chaotic orbits, so that we reexamined their investigation in
the third paper of our series (Carpintero, Muzzio & Navone 2014).
We found that their discrepancy with the other N–body works had
two causes: their use of a poor method to detect chaos and a ve-
locity distribution in their model much more isotropic than that of
other authors (low angular momentum orbits are more likely to be
chaotic).
Now, all our previous models are either non–rotating or have
exceedingly slow figure rotation, but rotation is a key ingredient
of the dynamics of elliptical galaxies, and the pioneer works of
Bertola & Capaccioli (1975) and Illingworth (1977) showed that
they have angular momentum, even though the resulting rotation
is small enough that in most cases the ellipticity of those galaxies
cannot be attributed to the rotation itself.
All the investigations performed using the N–body method
found large fractions of chaotic orbits in the non–rotating or
very slowly rotating systems, and the comparison done by
Muzzio (2006) of his rotating model with the same non–rotating
one of Muzzio et al. (2005) suggests that rotation should in-
crease those fractions. The works of Schwarzschild (1982), and
Deibel, Valluri & Merritt (2011) are among the few in which a
rotating model is used to study the dynamics of elliptical galax-
ies, but the former does not mention chaotic orbits and the latter
does not accept that they could contribute significantly to a sta-
ble stellar system. The difficulties of the method of Schwarzschild
to accomodate chaotic orbits have been mentioned above; besides,
Deibel et al. (2011) do not use a self consistent model, but only
investigate orbits in a rotating triaxial generalization of the poten-
tial of Dehnen (1993). The recent work of Vasiliev & Athanassoula
(2015) is a welcome addition to the subject but, although they indi-
cate the presence of chaoticity in their models and that in general it
increased with pattern speed, the information they provide on chaos
is rather scanty.
Thus, we decided to try to build self–consistent, rotating,
cuspy, triaxial models using the N–body method, in order to find
out the degree of chaos that such models harbour and the distribu-
tion of the regular orbits, and that is the subject of the present paper.
The following section describes the numerical techniques we used
to build our models, and their stability is investigated in Section 3.
Section 4 describes the matter and figure rotation of the models,
and Section 5 analyzes its orbital composition, both chaotic and
regular. Finally, our conclusions are presented in Section 6.
2 BUILDING ROTATING MODELS
In order to create stable, cuspy, rotating triaxial models, we take
the already stable, cuspy and triaxial models dubbed E2a and E5a
of the first paper of this series (Zorzi & Muzzio 2012), containing
each one N ≃ 106 bodies. In these models, and in the rest of this
work, the gravitational constant G= 1, the total mass M = 1 and the
crossing time Tcr is equivalent to about 1/200 of the Hubble time.
The slope γ of the cusp in both models, computed as the slope of
the logρ(r) vs. logr line for the innermost 10,000 particles binned
in bins of 100 particles each, is γ ≃ −1. The semiaxes a > b > c
obtained from the 80 per cent most tightly bound particles are in
the ratios b/a = 0.877, c/a = 0.826 for the E2a model, and b/a =
0.814, c/a = 0.515 for the E5a model. The triaxiality of the E2a
model is T ≡ (a2 −b2)/(a2 − c2) = 0.73, whereas that of the E5a
model is T = 0.46.
We perform the N–body integrations with the self–consistent
field (SCF) code of Hernquist & Ostriker (1992), the same used by
Zorzi & Muzzio (2012) to build their models. The code solves the
Poisson’s equation by expanding the density and the potential in
a set of basis functions chosen in such way that the lowest order
term corresponds to the model of Hernquist (1990). The motion of
the bodies is followed with a time–centered leapfrog algorithm that
keeps time reversibility. Zorzi & Muzzio (2012) performed several
tests to choose the number of radial and angular terms in the expan-
sion to finally adopt n = 6 radial and l = 4 angular terms for their
models, and those are the same numbers we use here.
To quantify the angular momentum acquired by each model,
we computed the specific angular momentum introduced by
Peebles (1971):
λ = L
√
|E|
GM2.5
, (1)
where L and E are the total angular momentum and energy of the
model, respectively.
In order to add rotation while maintaining the triaxiality and
the ’cuspiness’ of the models, we proceeded in the following way.
First, we gave to each model a certain amount of rotation by adding
to each particle at position (xi,yi,zi) and with velocity (x˙i, y˙i, z˙i) an
angular velocity Ωez, i.e.,
x˙′i = x˙i−Ωyi,
y˙′i = y˙i +Ωxi, (2)
z˙′i = z˙i.
Now, this simple recipe has a major flaw: it changes the en-
ergy of the model, which should be kept in order to maintain as
much as possible its other characteristics. One way to procceed is
to substract from the velocity modulus of each particle an amount
necessary to conserve the total energy after applying the rotation.
The substracted fraction 0 < k < 1 should be the same for each par-
ticle in order to keep the kinematical structure of the model. One
then has, equalizing the initial and final kinetic energies,
1
2
N
∑
i=1
mi(x˙
2
i + y˙
2
i ) =
1
2
N
∑
i=1
mi
[
k2(x˙2i + y˙2i )+2kΩ(xi y˙i−yix˙i)+Ω2(x2i +y2i )
]
, (3)
where mi is the mass of the i-th particle, and N is the number of
particles. Solving for k, it may happen that the resulting quadratic
polynomial has imaginary roots. This means that the amount of ro-
tational energy injected into the system is so large that it doesn’t
allow to recover the initial kinetic energy (that is, there are parti-
cles which must have less than zero velocity to achieve that). In
any other case, since the linear coefficient ∑i miΩ(xiy˙i−yix˙i) is ap-
proximately zero for a non-rotating system, we expect that the two
roots be opposite each other. Moreover, calling a the coefficient that
multiplies k2 and c the independent term, it can be easily seen that
|c| < |a|, so that the moduli of the roots will be less than 1. Thus,
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except for the imaginary case, a unique value 0 < k < 1 is expected
among the roots, as was always the case. With the value of k, the
new velocities are computed by means of
x˙′i = kx˙i−Ωyi,
y˙′i = ky˙i +Ωxi, (4)
z˙′i = kz˙i.
As already said, with this procedure only a maximum amount
of angular velocity can be applied to a given model. For example,
the rotation that could be added to the E2a model amounted to Ω =
0.59495, whereas that of the E5a model was Ω = 0.85870. Thus
we tried to add more angular momentum in the following way.
We first let each model relax for 50 Tcr, using the SCF code.
After that, we aligned the coordinate axes with the semiaxes of the
inertia tensor of the 80 per cent most tightly bound particles of
each model, so that the x axis coincided with the semimajor axis
and the z axis with the semiminor axis, and eliminated the particles
with positive energy and the 2 per cent of the remainder that have
energies closer to zero.
Then, we added a new amount of angular velocity. Since to do
this we cannot follow the abovementioned procedure (a fraction of
the velocities of the particles are already part of the angular motion,
which we do not want to substract), we included in the computation
the old angular velocity, dubbed now Ω0, yielding
1
2
N
∑
i=1
mi(x˙
2
i + y˙
2
i ) =
1
2
N
∑
i=1
mi
{
k2(x˙2i + y˙2i )+2kΩ(xi y˙i−yix˙i)−
[
(Ω20−Ω2)(x2i +y2i )+2Ω0(xiy˙i−yix˙i)
]}
. (5)
Now the quadratic polynomial can have roots of different
moduli and, in principle, with the same sign. Nevertheless, phys-
ically we expect that the reduction in energy by decreasing the ve-
locities should be possible (so two negative roots are not expected),
and that only one way to do it is feasible (so two positive roots are
not expected either). Thus, the resulting roots should be one posi-
tive and one negative (which was always the case). Once the veloc-
ities have been reduced again using Eq. (5), the whole procedure is
repeated (including the rotation of the axes and the relaxation) un-
til the amount of angular motion to be added cannot be made much
different from zero.
For the E2a model, the second introduction of angular mo-
mentum was the last to produce a significant growth of λ , whereas
in the case of the E5a model, it was the third one. The final val-
ues were λ = 0.124 for the E2a model, and λ = 0.178 for the E5a
model.
Then, we let the models relax during 200 Tcr (about a Hubble
time); the final snapshot was again rotated using the moments of
the inertia tensor of the 80 per cent most tightly bound particles.
These last systems (one for each model) were evolved during an
additional interval of 300 Tcr in order to verify their stability. For
each of the two models, the snapshot corresponding to 100 Tcr of
this last evolution was the one used to study and classify the respec-
tive orbital contents; we call them E2af and E5af, respectively, for
brevity.
Fig. 1 shows the kinematic and structural characteristics of the
E2af model. In this Figure, the abscisae q stands for the ellipsoidal
radius
q =
(
x2
a2
+
y2
b2
+
z2
c2
)1/2
, (6)
where a, b and c are the semiaxes of the model, computed fol-
lowing the method of Dubinski & Carlberg (1991), as adapted by
Holley-Bockelmann et al. (2001); Q, on the other hand, is the same
as q but projected onto the coordinate planes. The abscisae M(r)/M
is the mass interior to radius r in units of the total mass of the
model. The upper left panel shows the density profile of the model,
computed using ellipsoidal shells with constant axial ratios taken at
the half-mass radius. As can be seen, the rotation has not substan-
tially affected the cusp of the model (γ = −1.023± 0.020, com-
puted from the densities of the 10,000 innermost particles binned
in 100 intervals of distance to the center). The upper right panel
shows the axial ratios, computed in shells each containing 3 per
cent of the particles, previously sorted by energy. The ratios of the
semiaxes of the shell containing 81 per cent of the mass in its in-
terior are b/a = 0.939 and c/a = 0.791, in good agreement with
the values that correspond to the 80 per cent most tightly bound
bodies (b/a = 0.925, c/a = 0.823, T = 0.447), i.e., the parameters
used in our previous works. Comparing these values with those of
the original E2a model, we can see that the b/a ratio has increased,
whereas the c/a ratio and the triaxiality have decreased. The bottom
panels show the kinematical profiles, in which σ2i = 〈v2i 〉− 〈vi〉2,
where i is a Cartesian direction x, y or z in the left panel, and r
(radial) or t (tangential) direction in the right panel. The anisotropy
parameter β = 1− σ2t /(2σ2r ). Fig. 2 shows the same character-
istics but for the E5af model. Again, the cusp is well preserved
(γ = −0.956± 0.023). In this case, for the same shell as before,
b/a = 0.916, c/a = 0.602, while for the 80 per cent most tightly
bound particles, b/a = 0.896, c/a = 0.641 and T = 0.335, i.e.,
both axial ratios have increased and the triaxiality decreased with
respect to the E5a model. It might seem odd that rotation has not
made the model flatter, but it should be recalled that the process
that led from the non–rotating to the rotating model implied con-
siderable changes in structure of the former. For example, about
30 per cent of the original particles were eliminated because they
increased their energies beyond the established limits, and the a
semiaxis was reduced to about half its initial size.
In order to estimate the meaning of our length unit (l.u.) and
time unit (t.u.) for real galaxies, we computed the effective radii Re
from the (x,z) projection (0.142 and 0.0794 l.u., respectively, for
the E2af and E5af models) and the central radial velocity dispersion
σ0 from the y components of the velocities of the 10,000 particles
closer to the centre on that projection (0.987 and 1.099 l.u./t.u.,
respectively, for the E2af and E5af models). As in our previous
work (Aquilano et al. 2007; Muzzio et al. 2009; Zorzi & Muzzio
2012), we chose for comparison galaxies NGC1379 and NGC4697
(Napolitano et al. 2005; Forbes & Ponman 1999), whose mass-to-
light ratio gradients are zero. Comparing their observed values of
Re (2.5 and 5.7 kpc, respectively) and σ0 (128 and 180 km s−1,
respectively) with those from our models, we conclude that values
between about 18 and 72 kpc can be used as our length unit and
values between about 0.14 and 0.44 Gyr as our time unit. Then,
the Hubble time can be estimated as between 32 and 100 t.u., or
between 180 and 290 Tcr, and we will adopt a value of 250 Tcr,
hereafter.
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Figure 1. Structural and kinematical properties of model E2af; q is the ellipsoidal radius, Q the projected ellipsoidal radius, and M(r)/M is the mass interior
to r in units of the total mass. Upper left: density profile; a short segment with slope −1 was added for reference. Upper right: axial ratios; the upper curve
corresponds to b/a and the lower one to c/a. Lower left: projected velocity dispersions along the main axes; upper, intermediate and lower curves correspond,
respectively, to σx,σy and σz. Lower right: tangential and radial velocity dispersions and velocity anisotropy parameter β .
3 STABILITY OF THE MODELS
We used the final 300Tcr runs to check for systematic changes in
the density ρc of the innermost 10,000 particles, the moments of
inertia X , Y and Z for each axis, and γ . To improve the precision,
straight lines were fitted to the results obtained every 25Tcr and
we obtained the percentage variation corresponding to 250Tcr, i.e.,
one Hubble time according to our estimate. The results are pre-
sented in Table 1 and the changes are very small, indeed. More-
over, as we have shown before (Aquilano et al. 2007; Muzzio et al.
2009; Zorzi & Muzzio 2012), even those tiny variations are most
likely not real but due to relaxation effects of the N–body code
(Hernquist & Barnes 1990).
Nevertheless, since our models are rotating, what is conserved
is not the energy of a particle in the fixed reference frame of the
N–body code, but its energy in the frame that rotates with the ellip-
soidal figure, i.e., the Jacobi integral (leaving aside the numerical
relaxation effects, of course). Therefore, even though we eliminated
the particles with positive, and slightly negative, energy in the for-
mer reference frame, there are still particles that can escape from
the system. As explained by Binney & Tremaine (2008), particles
that have values of the Jacobi integral larger than the value of the
effective potential at the L1 and L2 Lagrangian points or that are
initially outside the contour through those points, can in principle
escape from the system but, due to the protective effect of the Cori-
olis force, that does not mean that those particles will necessarily
escape. We obtained the limiting values of the Jacobi integral as
−1.113 and −2.042, respectively, for the E2af and E5af models,
and found that 123,417 (or 15.6 per cent) and 140,252 (or 20.5 per
cent) particles, respectively, exceeded those limits. Nevertheless,
after the 300Tcr evolution, only 7 (or 0.00088 per cent) and 112 (or
0.016 per cent) particles from the E2af and E5af models, respec-
tively, were found at a distance from the center that exceeded that
of the initially most distant particle in the corresponding model.
Thus, we can conclude that our models are extremely stable over
intervals of the order of one Hubble time.
4 FIGURE ROTATION VERSUS MATTER ROTATION
In a non-rotating stellar system, one expects that the outermost par-
ticles have approximately zero angular velocity. This is because
the external region (halo) of a self-gravitating system in equilib-
rium, particularly when it is the result of a gravitational collapse, is
expected to contain almost all radial or quasi radial orbits (e.g.,
Binney & Tremaine 2008, and references therein.). On the other
hand, the internal region (core) tends to have particles with a more
isotropic distribution of velocities, meaning that there is a wide dis-
persion of angular velocities in every direction, summing up to zero
angular velocity for the system as a whole. Fig. 3 shows that that
c© RAS, MNRAS 000, 1–15
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Figure 2. Same as Fig. 1 but for model E5af.
Table 1. Percentage variations over one Hubble time.
Model ρc (%) X (%) Y (%) Z (%) γ (%)
E2af −0.78±0.89 −0.86±0.21 0.91±0.28 0.15±0.29 1.47±1.20
E5af −0.12±1.04 −1.62±0.18 1.52±0.23 0.54±0.23 −1.60±1.43
is indeed the initial state of our E2a and E5a systems (lower sets of
points, red in the electronic version).
With the first injection of angular momentum, each particle ac-
quires the same amount of angular velocity, and the resulting profile
of Ωz(R) (not shown in Fig.3) is the same as before, but raised by
that amount. Therefore, the energy of most of the halo particles ex-
ceeds their binding energy and they escape from the system when
it is let to evolve. Core particles, on the other hand, tend to remain
bound but, as their energy has increased, many will go to populate
the halo, thus decreasing their angular velocity due to an approxi-
mate conservation of angular momentum. Injection of more angular
momentum after this evolution will initially raise again the entire
profile without modifying its shape, and the subsequent evolution
will yield a new depletion of the halo because of escapes, migra-
tion of core particles to the halo, and the lowering of the external
profile of Ωz(R). The final angular velocity profile of our models,
displaying a strong diferential rotation, is shown in Fig.3 (upper
sets of points, blue in the electronic version). Moreover, the final
rotation also depends on z. Fig. 4 shows the mean angular veloc-
ity of cylindrical shells for each final model taking only the 20 per
cent of the particles closest to the (x,y) plane (upper sets of points,
red in the electronic version) and the 20 per cent farthest from that
plane (lower sets, blue in the electronic version). We recall that, in
physical units, the unit of abcissae in Figs. 3 and 4 corresponds to
about 20 to 40 kpc, for model E2af, and to about 30 to 70 kpc, for
model E5af, and the unit of ordinates to about 4 to 7 km s−1 kpc−1 ,
for model E2a, and to about 2 to 4 km s−1 kpc−1, for model E5af.
These results clearly show that, although the amount of angu-
lar velocity imparted to all the particles was the same, the resulting
rotation is far from that of a rigid body: the dynamical evolution
generates a complex rotation pattern in the models. This turns out
to be in sharp contrast with the so-called figure rotation, that is, the
rotation of the triaxial shape of the system around its short axis.
To measure this rotation, we let our final models evolve for an ad-
ditional interval of 25 Tcr, obtaining ten snapshots, and we ana-
lyzed each one of these snapshots as follows. First, we sorted all
the bound particles according to their energy and distributed them
in 20 percent bins, from the 10 percent most tightly bound to the
90 percent most tightly bound, and then we computed for each bin
the moments of the inertia tensor and obtained the angle between
c© RAS, MNRAS 000, 1–15
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Figure 3. Left: Angular velocity Ωz as function of the cylindrical radius R =
√
x2 + y2 for the initial E2a model (lower set of points, red in the electronic
version) and for the final E2af model (upper set of points, blue in the electronic version). Each point corresponds to the mean angular velocity of a cilyndrical
shell containing 1/1000 of the particles. The dispersions within some shells are also shown with bars. A horizontal line at Ω = 0.8108 shows the angular
velocity of the figure rotation. Right: the same, but for the E5a and E5af models. The angular velocity of the figure rotation is at 2.2454, marked with an
horizontal line. In both cases, the initial models reach R≃ 4.
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Figure 4. Left: Angular velocity Ωz as function of the cylindrical radius R =
√
x2 + y2 for the E2af model, taking only the 20 per cent of particles closest to
the equatorial plane (upper set of points, red in the electronic version) and the 20 per cent farthest from that plane (lower set, blue in the electronic version).
Each point corresponds to the mean angular velocity of a cilyndrical shell containing 1/100 of the corresponding 20 per cent particles. Right: the same, but for
the E5af model.
the semimajor axis of the ellipsoid and the positive x axis; the 10
per cent less tightly bound and most tightly bound particles were
excluded because the corresponding ellipsoids have b/a ≃ 1.0 (see
Figs. 1 and 2, upper right frames) and the angle determination is
uncertain. Plots of this angle φ versus the elapsed time show the
rotation of the ellipsoidal figures, and it was clear that the different
energy bins of the figure of each system are rotating with the same
angular velocity. We present such plots in Fig. 5, but we only in-
cluded the innermost and outermost shells for clarity. The angular
velocity of this figure rotation, or pattern velocity, was computed
using the 80 per cent most tightly bound particles and turned out
to be Ωp = 0.8108±0.0054 and 2.2454±0.0094, respectively, for
models E2af and E5af. These values are shown in Fig. 3 with hori-
zontal lines for comparison with the matter rotation and, in physical
units, they imply rotation periods between 1.0 and 1.7 Gyr for E2af,
and between 0.8 and 1.2 Gyr for E5af.
5 ORBITAL CONTENT OF THE MODELS
We investigated the orbital content of our models with the same
methods from the previous papers in this series (Zorzi & Muzzio
2012; Muzzio et al. 2013; Carpintero et al. 2014), that is, Lyapunov
exponents to detect chaoticity, and frequency maps to study regular
orbits. We used the numerical tools we had developed for those
investigations, but we would wish to call the atention of readers
new to the field to the software tool SMILE (Vasiliev 2013) that
they might find useful.
5.1 Chaoticity
We randomly selected 3,961 and 3,429 particles, respectively, from
models E2af and E5af and we took their positions and velocities as
the initial values to obtain the orbits and investigate their chaotic-
ity. The potentials were fixed, keeping constant the coefficients of
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Figure 5. Figure rotation of the E2af (left) and E5af (right) models. Only the results corresponding to two shells containing 20 per cent of the particles are
shown for clarity, but the other shells give essentially the same results (see text). The time spans, expressed in t.u., differ for each model due to the different
values of their crossing times, but in both cases they correspond to 25Tcr.
their expansions, and the integrations were carried out in coordinate
systems rotating with the corresponding angular velocities.
Since the potentials were fixed, all our orbits obey the Jacobi
integral, and regular orbits have to obey at least two additional iso-
lating integrals, but we can have two kinds of chaotic orbits, par-
tially chaotic orbits that obey only one additional integral, and fully
chaotic orbits that have no isolating integrals other than the Jacobi
integral. Regular, partially and fully chaotic orbits can be classified
obtaining the six Lyapunov exponents. Since phase space volume
is conserved, the exponents come in three pairs of the same abso-
lute value and opposite sign. The Jacobi integral guarantees that
one of those pairs is always zero, and each additional isolating in-
tegral makes zero another pair, so that regular orbits have all their
Lyapunov exponents equal to zero, partially chaotic orbits have one
non-zero pair and fully chaotic orbits have two.
The numerical equivalent of the Lyapunov exponents are the
finite time Lyapunov characteristic numbers (hereafter FT-LCNs).
As in our previous works, we computed them using the LIAMAG
subroutine (Udry & Pfenniger 1988), kindly provided by D. Pfen-
niger, adopting integration and normalization intervals of 10,000
t.u. and 1 t.u., respectively. We will refer to the largest FT-LCN of
a given orbit as Lmax and to the second largest one as Lint, hereafter.
Since the FT-LCNs are obtained from numerical integrations over
a finite time interval, rather than the infinite one required to ob-
tain Lyapunov exponents, they cannot reach zero value, but only a
limiting minimum value, Llim. As in our previous work, we used
plots of the Lint versus Lmax distribution to estimate a value of
Llim = 0.0018 (t.u.)−1, the same one obtained by Zorzi & Muzzio
(2012). This Llim corresponds to a Lyapunov time of 556 t.u., which
is equivalent to about 5 or 6 Hubble times for our models, and
one might wonder whether it is reasonable to use such a low Llim
to separate regular from chaotic orbits. We have dealt with this
matter in our previous work (Aquilano et al. 2007; Muzzio et al.
2009; Zorzi & Muzzio 2012) and we repeat here the same analysis
done before, using also a limiting value of Llim = 0.0100 (t.u.)−1
for comparison. First, we separated the orbits of each model into
three groups: a) Those with Lmax < 0.0018 (t.u.)−1, i.e., those that
are classified as regular for both choices of Llim (REGREG, here-
after); b) Those with 0.0018 (t.u.)−1 6 Lmax < 0.0100 (t.u.)−1,
i.e., those that are classified as regular for Llim = 0.0100 (t.u.)−1,
but as chaotic for Llim = 0.0018 (t.u.)−1 (REGCHAO, hereafter);
Table 2. Axial ratios for different Llim. Each coordinate xi stands for 〈x2i 〉1/2.
Model ratio REGREG REGCHAO CHAOCHAO
E2af y/x 0.979±0.017 0.987±0.018 0.959±0.020
z/x 0.543±0.010 0.705±0.013 0.908±0.019
E5af y/x 1.069±0.024 0.928±0.020 0.957±0.013
z/x 0.416±0.008 0.499±0.014 0.556±0.007
Table 3. Percentages of chaotic and regular orbits.
Model Regular Part. chaotic Fully chaotic
E2af 25.80±0.70 13.10±0.54 61.10±0.77
E5af 31.93±0.80 10.91±0.53 57.16±0.85
c) Those with 0.0100 (t.u.)−1 6 Lmax, i.e., those that are classi-
fied as chaotic for both elections of Llim (hereafter CHAOCHAO).
Then we considered, for each orbit, eleven (x,y,z) orbital positions
separated by intervals of 10 t.u., that is, over a total interval of 100
t.u., and, for each model and for each type of orbit, we computed
the mean square value of each coordinate. Table 2 gives the square
roots of the ratios of the y and z mean square values to the x mean
square value.
The results in Table 2 show that the y/x ratio of the E5af model
and the z/x ratios of both models obtained from the REGCHAO
orbits are significantly different, at the 3σ level, from those ob-
tained from the REGREG orbits. We may conclude that orbits with
0.0018 (t.u.)−1 6 Lmax < 0.0100 (t.u.)−1 have a spatial distri-
bution different from that of regular orbits. Since it is in spatial
distribution we are interested here, it is thus reasonable to adopt
Llim = 0.0018 (t.u.)−1. Therefore, we classify orbits as regular if
Lmax < Llim, as partially chaotic if Lint < Llim 6 Lmax and as fully
chaotic if Llim 6 Lint. The results of the classification are shown
in Table 3, where the quoted errors were computed as the disper-
sions derived from the binomial distribution, i.e., for a percentage
p obtained from N data, the dispersion is
√
p(100− p)/N .
As in our previous investigations, chaotic orbits dominate the
dynamics of the triaxial models, with less than one third of the
bodies following regular orbits in any of them. A comparison with
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the results of Zorzi & Muzzio (2012) suggests that chaos might be
slightly less important in the present models, but the differences
among the structures of those and the present models, from the
axial ratios onwards, makes risky any conclusion in this respect.
Actually, since rotation implies breaking a simmetry, one might ex-
pect to find more chaos in rotating models, as indicated by Muzzio
(2006) who, in fact, found slightly more chaos in a very slowly
rotating model than in the same model without rotation.
The long integration interval used to obtain the FT-LCNs al-
lows us to make a further check of the possible escapes searching
for those bodies that end up farther from the center of the system
than the farthest body in the original model. We found that, after
10,000 t.u., only 1 body (i.e. 0.03 per cent) on a fully chaotic or-
bit escapes from the E2af model, while 49 bodies (1.42 per cent)
on partially chaotic orbits and 80 bodies (2.33 per cent) on fully
chaotic orbits escape from the E5af model, according to this cri-
terium. Two remarks should be made on this respect. First, there is
no guarantee that those bodies actually escape because, on the one
hand, many of them do not exceed the adopted distance limit by
a significant amount and, on the other hand, other bodies alternate
shorter and longer distances at intermediate times, i.e., they seem to
be on highly elongated rather than on open orbits. Second, strictly
speaking, a chaotic orbit should have a positive FT-LCN and to be
bound (e.g., orbits in a repulsive harmonic potential are perfectly
regular, in spite of diverging exponentially, but they are unbound),
so that the percentages of chaotic orbits of Table 3 might include
fractions of unbound orbits that are not chaotic. Nevertheless, those
fractions should be exceedingly small in view of our results on the
final distances after 10,000 t.u. Moreover, considering that that in-
terval amounts to about 40 Hubble times, we may conclude that
escapes are not a serious problem for our models and that they are
very stable indeed.
Fig. 6 presents the (x,y) and (x,z) projections of the bodies
in the E5af model whose FT-LCN had been computed, separately
for those in regular, partially and totally chaotic orbits. To increase
the number of points, we have plotted the positions at 10 t.u. in-
tervals over a total integration time of 100 t.u., i.e., 11 points for
each orbit. As in our previous investigations on triaxial models, the
distribution of the fully chaotic orbits is very different from that of
the regular ones, while the partially chaotic orbits adopt a distribu-
tion intermediate between the other two. This visual impresion is
confirmed by the results of Table 4 where we present, for the two
models and separately for the regular, partially and fully chaotic
orbits, the values of the axial ratios computed from the positions at
10 t.u. intervals from the initial 100 t.u. of the integration interval,
i.e., like in Fig. 6. The very different distributions of the regular
and fully chaotic orbits is most clearly shown by their different z/x
values, although the difference between the corresponding y/x val-
ues of the E5af model is also significant at the 3σ level. Partially
chaotic orbits have z/x values intermediate between those of the
regular and fully chaotic orbits in both models. For the E2af model
there are no significant differences, at the 3σ level, among the y/x
ratios, but there are very significant ones among the z/x values. At
any rate, it is clear that the distributions of the regular, partially and
fully chaotic orbits are very different from each other.
5.2 Regular orbits
The frequency analysis was performed, as in our previous pa-
pers (Muzzio 2006; Aquilano et al. 2007; Muzzio et al. 2009, 2013;
Carpintero et al. 2014), with the modified Fourier transform code
of ˇSidlichovsky´ & Nesvorny´ (1996) (a copy can be obtained at
Table 4. Axial ratios of regular, partially and fully chaotic orbits. Each co-
ordinate xi stands for 〈x2i 〉1/2.
Model ratio Regular Part. chaotic Fully chaotic
E2af y/x 0.979±0.017 0.994±0.018 0.942±0.018
z/x 0.543±0.010 0.679±0.012 0.967±0.019
E5af y/x 1.069±0.024 0.948±0.021 0.956±0.013
z/x 0.416±0.008 0.424±0.010 0.602±0.008
www.boulder.swri.edu/∼davidn) and adopting as initial conditions
the positions and velocities of the same bodies we had selected
for the computation of the Lyapunov exponents. For each one of
the 2,117 regular orbits of the two models, we obtained the fun-
damental frequencies for each coordinate, Fx, Fy and Fz, through
the frequency analysis of the complex variables x+ i x˙, y+ i y˙ and
z+ i z˙, respectively; these were derived from 8,192 points equally
spaced in time obtained integrating the orbits over 300 radial pe-
riods. As indicated by Muzzio (2006), the frequencies of isolated
lines obtained in this way have errors smaller than 10−9, but the
precision is much lower when there are nearby lines, and here we
adopt the practical limit of 2× 10−4 for the precision, as in our
previous works.
We obtained the fundamental frequencies using the method
of Kalapotharakos & Voglis (2005) with the improvements intro-
duced by Muzzio (2006), Aquilano et al. (2007) and Muzzio et al.
(2009). The original method took the frequency of the largest am-
plitude in each coordinate as the fundamental frequency for that
coordinate but, as shown by Binney & Spergel (1982) and Muzzio
(2006), respectively, the libration of some orbits and the extreme
elongation of others makes necessary to adopt, for these cases,
other frequencies as the fundamental ones, and the improvements
deal with those cases.
In our previous work on non-, or very slowly, rotating sys-
tems, the fundamental frequencies were used to classify the reg-
ular orbits as long and short axis tubes (LATs and SATs, respec-
tively) and boxes and boxlets (BBLs), but the orbital composition
of rotating systems is much more varied and complex (see, e.g.,
Binney & Tremaine 2008) and that classification is not enough. Be-
sides, although it is not unfrequent to find those same names used
for orbits in rotating systems, it should be recalled that things are
quite different in fixed and rotating systems of reference (e.g., a
BBL in one system may be a SAT in another one). As we will
see below, most of the regular orbits in our models are resonant,
i.e., their fundamental frequencies obey one or two equations of
the form:
lFx +mFy +nFz = 0, (7)
with l,m and n integers not all equal to zero. Therefore, in what
follows we will refer to the different orbits mainly by their reso-
nances, i.e., (l,m,n) in the equation above. Besides, we will not re-
strict ourselves to frequency analysis and we will add other criteria
(like the conservation of the signs of the components of the angular
momentum and plots of the orbits) to aid the orbital classification.
Of the 2,117 orbits regarded as regular, 122 yielded values of
their fundamental frequencies that did not obey that Fx 6 Fy 6 Fz.
As in our previous works, visual inspection of their spectra showed
that many of them were typical of chaotic orbits, with lines of sim-
ilar frequencies and amplitudes. We checked that possibility ob-
taining the FT-LCNs of those orbits using an integration time of
100,000 t.u., i.e. ten times longer than the one of Subsection 5.1,
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Figure 6. Distribution of the regular (left), partially (center) and fully chaotic (right) orbits for model E5af.
and 44 of the 122 suspicious orbits turned out to be actually chaotic.
Besides, it should be recalled that in rotating systems there are or-
bits whose fundamental frequencies might not be obtained with the
same criteria used for non–rotating ones. For example, another 11
of those 78 orbits had a frequency line with Fy close to zero, i.e.,
they were horseshoe orbits (two examples are shown in Fig. 7).
Fig. 8 presents the frequency maps for both models. Orbits
that do not obey Fx 6 Fy 6 Fz, mentioned above, are not included,
but we notice four cases of model E2af and one of model E5af
in odd positions of the diagrams. Orbit 2166 of model E2af, at
(Fy/Fz,Fx/Fz) = (0.161,0.080), and orbit 773 of model E5af, at
(0.344,0.172), are just horseshoes. Visual inspection of the fre-
quency spectra of orbits 1706, at (0.727,0.182), and 1870, at
(0.719,0.157), of model E2af showed that they are very complex,
making very difficult to select the fundamental frequencies. Plots of
those orbits suggest that they are boxlets that avoid the center of the
system; besides, they do not conserve the sign of the components of
the angular momentum and both obey the (1,−3,2) resonance. The
frequency spectrum of orbit 3390 of model E2af, at (0.935,0.069),
was clearly chaotic and the chaoticity of that orbit was confirmed
recomputing its FT-LCNs with a 100,000 u.t. interval.
The most striking feature of Fig. 8 is the complete lack of rep-
resentative points at Fy/Fz ≃ 1.0 for Fx/Fz < 1.0, i.e., the (0,1,−1)
resonant orbits, or the LATs of non–rotating systems. Nevertheless,
the points at Fy/Fz ≃ 1.0 and Fx/Fz ≃ 1.0 are not single points but
each one includes many orbits (35 for model E2af and 61 for model
E5af) that obey both the (1,−1,0) and (0,1,−1) resonances. All
those from the E2af model conserve the sign of the x component of
the angular momentum, but only 13 of them conserve the sign of
the z component as well: they are tubes with their axes in the (x,z)
plane, but not in the (x,y) plane, i.e., they are inclined with respect
to the latter plane, and the conservation of the sign of the z com-
ponent depends on the tilt and the width of the tube. An example
is shown on the left side of Fig. 9. 59 of the 61 cases of the E5af
model are also tilted tubes like those of model E2af, but their tilts
and widths are such that all conserve the signs of both the x and
z components of the angular momentum. The remaining two cases
do not conserve the sign of the x component of the angular momen-
tum and plots of those orbits showed that they are tubes around the
Lagrangian point L5, or like horseshoes long enough to close onto
themselves. In fact, when the angular momentum is computed with
respect to L5, the sign of its z component is conserved for those
orbits. One of them is shown on the right side of Fig. 9.
Another interesting feature of our frequency maps is that they
are dominated by the diagonal Fx/Fz ≃ Fy/Fz, i.e., the (1,−1,0)
resonance, that in non-rotating systems corresponds to the SATs. In
fact, most of the orbits in those diagonals in Fig. 8 are also SATs:
after excluding those with Fy/Fz ≃ 1.0 and the horseshoes men-
tioned above, there remain 857 in model E2af and 916 in model
E5af, with 591 of the former and 802 of the latter conserving the
sign of the z component of the angular momentum, i.e., they are
SATs as shown in the two examples of Fig. 10. Most of the rest,
i.e., the orbits that do not conserve the sign of the z component of
the angular momentum, are also SATs that cross themselves sim-
ply because they are in a rotating system, as shown on the left side
of Fig. 11, but there are also some of the type shown, e.g., in fig-
ure 3.19 of Binney & Tremaine (2008), as shown on the right side
of our figure. A search for additional resonances, with |l|, |m| and
|n| not larger than 10, among the orbits on the Fx/Fz ≃ Fy/Fz line
yielded only 22 in model E2af and 25 in model E5af, most of them
of high order.
Except for the few cases with low Fx/Fz values mentioned
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Figure 7. Horseshoe orbits 231 of model E2af (left) and 182 of model E5af (right).
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Figure 9. Tilted tube orbit 521 of model E2af (left) and closed horseshoe orbit 177 of model E5af (right).
above, the points falling outside the Fx/Fz ≃ Fy/Fz lie in the region
occupied by the boxes and boxlets of non–rotating models (see, e.g,
figure 1 of Muzzio et al. 2013), but most of them are more similar
to orbits like that shown on the right side of Fig. 11 than to boxes;
two examples are shown in Fig. 12. A search for resonances, with
|l|, |m| and |n| not larger than 10, among these orbits found that 34
out of 63 of model E2f, and 26 out of 47 of model E5af obeyed at
least one, but there does not seem to be any one particularly fre-
quent or relevant; two examples of these resonant orbits are shown
in Fig. 13.
6 CONCLUSIONS
We have shown here that it is possible, starting from a non-rotating
self-consistent N–body model of a triaxial and cuspy stellar system,
to create a similar rotating one by adding rotation to its particles and
letting it to relax towards a new equilibrium. The outcome is a sys-
tem with differential rotation, with the angular velocity depending
both on the distance to the center and on the height above the equa-
torial plane, but with a very uniform figure rotation. Besides, these
models are highly stable over intervals of the order of a Hubble
time.
Zorzi & Muzzio (2012) had shown that the density distribu-
tion of their models mimics that of elliptical galaxies and our
Figs. 1 and 2 (upper left) show the same for the present models.
The rotation of our models can be compared with the results of
Emsellem et al. (2007) who define a global rotation parameter λR
that, in their Appendix A, they related to our λ by
λ ≃
√
2
3 λR. (8)
The corresponding values for our models E2af and E5af are, thus,
λR = 0.263 and λR = 0.378, respectively, and one can find sev-
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Figure 10. Two SATs: orbits 76 of model E2af (left) and 20 of model E5af (right).
eral examples of real galaxies with similar values in the Table 1
of Emsellem et al. (2007). Besides, Copin et al. (2004) adjusted an
axisymmetric model to SAURON (Bacon et al. 2001) data on NGC
3377 and they computed the velocity dispersions of their model at
different points on the meridian plane. Using their reported dis-
tance to NGC 3377 (9.9 Mpc) to transform their angular distances
into linear ones, and computing the anisotropy from the curves of
their figure 13, it turns out to be of the same order of magnitude
than our own values.
To investigate figure rotation observations alone are not
enough and models have to be fitted to them. Statler et al. (2004)
did this for the old elliptical NGC 4365 and they found hints of fig-
ure rotation, roughly estimating a period of about 5 Gyr, somewhat
longer than for our models. It should be noted, however, that their
model rotates about the semimajor axis, rather than the small axis
as our models do. Interestingly, they found that NGC 4365 is triax-
ial, with T ≃ 0.45, i.e., very similar to the triaxiality of our model
E2af (T = 0.447).
About two thirds of the orbits in our models are chaotic and
bodies on regular, partially and fully chaotic orbits have different
spatial distributions. The elliptical galaxies that our chaotic mod-
els represent would have rotation periods within 108 − 109 years
range, thus confirming the suggestion of Deibel et al. (2011) that
unstable orbits appear within that range. Neverthelss, we cannot
agree with their statement that stable systems are unlikely to have
rotation speeds that produce a high level of stochasticity, as our
own models prove otherwise. We had shown in our previous inves-
tigations that non-, or very slowly, rotating triaxial stellar models
with very high fractions of chaotic orbits can be perfectly stable;
now the present work extends that conclusion to rotating models as
well.
Regular families are dominated by far by the SATs. The frac-
tions of boxes and boxlets are low as are those of horseshoes and
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Figure 11. Two orbits that cross themselves: Orbits 1855 of model E2af (left) and 142 of model E5af (right); notice that, for the latter, the scales of the y and
z axes are very different than that of the x axis, because the orbit is stronly elongated.
orbits that cross themselves, typical of rotating systems. The LATs
are replaced by tubes whose axes lie on the short–long axes plane,
but do not coincide with the major axis.
Finallly, it is interesting to compare our frequency maps with
those of Deibel et al. (2011), who investigated sample orbits in a
rotating triaxial Dehnen (1993) potential, i.e, without considering
self consistency. Thus, it is not surprising that our Fig. 8 shows
significant empty spaces in regions where their figures 2, 3, 7, and
10 are well populated. It is simply the result that not all possible
orbits will be actually present in a self-consistent model, because
self-consistency imposes a strong selection effect, a fact beautifully
proved by Kalapotharakos & Voglis (2005).
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Figure 12. Two orbits lying outside the (1,−1,0) resonance: orbits 304 of model E2af (left) and 468 of model E5af (right).
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